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ABSTRACT 
LetS1 ..... S,~,n > 1, be subsets of an n-set S where J Si > A)  land J&~&!=A 
for i ~ j. Then our configuration is either a symmetric block design, with possible 
degeneracies, or what Ryser [3] has called a A-design. A A-design has the remarkable 
property, established by Ryser [3], that each element of S occurs either rl or ra times 
among the sets S~ ..... S,~ and r~ + r~ = n + 1. The 1-designs are completely known 
and so is the unique 2-design. The present paper establishes that there are exactly 
three 3-designs. 
INTRODUCTION 
Let S = {al ,..., a~,} be an n-set, n > l, and let 5"1 ..... S .  be n subsets of  S 
w i th l&)  >A >~ 1, wherea lso  ]S inS j ]  -A for i@j .  Then Ryser [3] 
has shown that either (i) each element aj occurs exactly k times among 
the sets $1 ..... S~ and our  conf igurat ion is a symmetr ic block design [2], or  
(ii) an element aj occurs rt or r2 times among the sets 5'1 ,..., S~ and 
rl § r~ = n § 1. The latter conf igurat ion is called a A-design on n elements. 
Up  to relabel ing the 1-designs as determined by de Brui jn and Erd6s [1] 
are 
{2, 3,..., n}, {1, 2}, {1, 3} ..... {1, n). 
* Partially supported by NSF Grant GP-7194. This work will represent a portion of 
this author's dissertation under the direction of Dr. Thomas Storer at the University 
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The 2-design appearing in de Witte [4] and shown to be unique by Ryser [31 
is 
{1, 2, 4J, [1, 4, 6, 7), (2, 5, 7, 11, {3, 6, 1, 2}, {4,7, 2, 31, 
{5, 1, 3, 4}, {6, 2, 4, 5}. 
We shall in this paper determine all of the 3-designs. 
PROPERTIES  OF ~"t-DESIGNS 
We will adopt the notation used by Ryser [3]. Throughout our discussion 
we let A -- [aij] be the n by n incidence matrix of our A-design, where 
a~j = 1 if ai ~ Sj and aij --= 0 if a~ r S~. Then by Ryser [3], A will have 
two distinct row sums r t ,  r 2 and 
r 1 - r~,=n+l .  (l) 
We assume that 
n-{- 1 
r2 < - -~- - -  < r i ,  (2) 
where it is also clear that 2 ~ rz and r 1 ~ n -- 1. We then assume that 
the rows of A have been permuted so that A is always in the form 
A= A2,  
where A1 is e~ by n and each row sum in A1 is q ,  and A2 is e2 by n and 
each row sum of A~ is r~. Further, we let kj = k /  --  kff  be the sum of 
co lumnj  in A, where k / i s  the sum of co lumnj  in A~ and k~* is the sum of 
column j in A,,. Now we can check that 
k / ( r l  - 1) + k~*(r , ,  - 1) = A(n  - -  1), (4) 
and 
eiri(r i - -  1) q- e2r2(r2 -- 1) =- ,bt0~ -- 1). (5) 
Using (2), (4), and (5), we obtain 
0 ~< k /  < 2A 
and 
For convenience we set 
0 < el < 4A. 
(6) 
(7) 
r i - -  I 
P- r~- I  >1 '  (8) 
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and then by (4) we have 
k~* -~ A -- p (k / - -  A). 
We also have that 
A = det(ATA)= I]  (k ; -  A)l l  +A 
j= l  j= l  
is an integral square. And, from Ryser [3], 
I 1 1 
~=a (kj -- A) A u '  
where u is determined by the equation 
ri 2 - (n -~ l) r i ~ -n - -  u(n--  1) 2 = O. 
1 
(kj- ~) t 
(9) 
(lO) 
(11) 
(12) 
THE THREE 3-DESIGNS 
We now state and prove our result. 
THEOREM. There are exactly three 3-designs. 
r-10 
-100001 
101110 
110110 
111011 
111101 
= 011000 
010101 
010010 
001100 
001011 
~00111 
1111 
0011 
1100 
0101 
I010  
0110 
0001 
1011 
1101 
1000 
0110 
17 
1 
1 
0 
0 
1 , M2= 
1 
0 
0 
1 
O. 
~matr ix~rm,  theyare 
00111111111-  
I111000111111 
1111111000111 
1111 l l l111000 
0100100100100 
0100010010010 
0100001001001 
0010100001010 
0010010100001 
0010001010100 
0001100010001 
0001010001100 
~0010011000 l~ 
and M3 , where M 3 is obtained from 342 by complementing the first column. 
Our three incidence matrices are unique up to row and column permutations. 
PROOF: Since A= 3 by (6) and (7), we have 0 ~k/~5 and 
I ~ e a ~ 11. Using (6), (8), and (9), we construct the table 
o 3 4 4  
ks* 3p ~- 3 20 + 3 ps  3 3 0 1 . (13) 
9 ? integer ? 3 2 3/2 
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Assume A has a cohmm with k.:' - 5. Then p == 3:,2 and 31(r  1 - -  1). 
Lett ing rl = 3k++> 1, we have r, 2 = 2k = 1, i7 = 5k > 1. From (5) we 
obtain e~ == 13-+ 4k. and because 5 ~ el ~ then k :  ,'), r~ == 7, 
r., : 5, n = l l, e, = 5, ee ==: 6. Now A can have but one co lumn with 
k:' = 5. Let this be the first co lumn where by (3) the five l 's occur 
initially. 
The other 10 columns have kj' --: 3 and we easily check that A~ cannot  
have a repeated column. By appropriate permutat ions,  the first 5 rows 
and first 5 co lumns of A can be made to correspond exactly to the first 
5 rows and first 5 co lumns of M~. The choice a?a = 1 in A then forces 
A = M~. If we choose avG == 0 in A and call the resulting matrix M~, 
then M~ and M~ are similar+ i.e., PMtP  -~ = M~ where P is the matrix 
defined by the permutat ion (4, 5)(7, 8)(9, 10). Hence, our 3-design above is 
unique. 
Assume A has a column with k /  = 4 and k;* = 1. Then p = 2 and 
we can set r 1 = 2k+ 1, r~- -  k+ 1, n = 3k+ 1. By (5), e 1 = 8 - -k .  
But 4 ~ e~ < n, so k = 2, 3, or 4. Now k : 2 implies e,, = 1, and, 
since O = 2 and by (13) atl co lumns of  A would have the same sum, and 
this will contradict  r~+-r . , .  I f  k = 3, then r~ 7, r , ,=4 ,  n = 10, 
e~ = e~ : 5. Now there are 35 ones in A1, so at least 5 co lumns have 
k /= 4. But A ~= 3, so there are exactly 5 such columns. The other 
co lumns have k /  - :  k~* =+ 3, and we verify that our matrix A cannot  
exist without violat ing X = 3. If  k = 4, then rl = 9, r 2 : 5, n = 13, 
e~ ----- 4, e2 = 9. There is but  one co lumn with k /  -- 4, and the other 
co lumns have k /  =- 2 or 3. By count ing elements in A 1 and A,2 we must 
have 8 co lumns with k:' = 3 and 4 co lumns with k;' = 2. But then 
A = 283 ~ is not a square. Hence, there are no 3-designs with k:' = 4, 
k:* = 1. 
Assume A has a column with k /  ;- 4 and k j* = 0. Then p = 3 and 
we write ra = 3k+ 1, r e =k+ l. n :4k§  1. F rom (5) we have 
e t =- ( l l  - -  k)/2 and, since 4 ~ e t -~ n, this requires k -= 3, So r I =- 10, 
r.~ = 4, n = 13, e I = 4, e2 = 9. Then A has but one co lumn with k /  =- 4, 
and the other 12 co lumns have k /  = 3. Since A~ cannot  have the same 
co lumn repeated 4 times, it is clear that the rows and co lumns of  A can be 
permuted so that the first 7 rows and first 7 co lumns of A are the same as 
in M~. We may then choose ags = 1 where it might first be necessary to 
permute the co lumns by (8, 11)(9, 12)(10, 13) and the rows by (3, 4). The 
remaining entries are uniquely determined and we have M~. 
We can now assume k /  ~ 3 and consider the three cases: (i) 3p ~ Z but  
p r Z, Z = set of integers; (ii) 2p c Z but  p ql Z;  and (iii) p ~ Z. 
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CASE (i). 3peZbutpr  Thenp- - - -  e~/3 where3~'a ,~eZ,  a ~4.  
Now 3{( r~- - l ) ,  so lett ing r~=3k+l  we have r~=~k4-  1, 
n=(34-~)k4-1 .  F rom (5) we obta in  ex(o~- -3 )=3(2+~)- -3k .  
Since 0 < el ~ 11, then e~ = 3, 6, or 9. But el = 3 implies the contra-  
d ict ion 3k=5.  Now e~----6 implies either ~- - -5 ,  k - -  1 or ~=8,  
k = 0. But k - -  0 contradicts e~ < n and o~ = 5, k : -  1 implies e., ~ 3 
and  we cannot  have two dist inct co lumn sums. Final ly,  e~ = 9 implies 
e~ ----- 4, k = 1 and this contradicts e~ < n. Hence, 3-designs of  this type 
do not  exist. 
CASE (ii). 2p e Z but  p r Z. Let p --- ~/2 where 2 + o~ e Z,  ~ ~ 3. 
Lett ing r 2 ~- 2k4-  1 we have q = ak4-  1, n~ (~+2)  k4 -  1. And  
f rom (5) we obta in  el(a - -  2) = (3~ 4- 4) - -  4k. So e~ is odd, and,  since 
f kj = 3 must  occur by (10), then el ~- 3. But we cannot  have e~ ~ 3 
(mod 4), so el - -  5or9 .  I fe  1 = 5, thenc~ = 3, k= 2 ;a  = 5, k - -  1 ;o r  
== 7, k = 0. But k = 0 violates e~ < n and k - -  1 implies e2 = 3, 
which then forces equal  co lumn sums. I f  ~ = 3, k ~- 2, then n = 11, 
r~ - 7, el = 5, and since k /  = 3 this contradicts r~ = 7. I f  el = 9, then 
o~ ----- 3, k - -  1, and this violates e~ < n. Hence, 3-designs of  this type do 
not  exist. 
CASE (iii). p ~Z.  Let rl = p(r2 - -  1) 4- 1, n = p(r~ - -  1) 4- r2. 
F rom (5) we have el (p - -  1) = 3(p 4- 1) - -  r 2 . But r2 ~ 2, so e 1 ~ 7. 
I f  el = 7, then p ~ 2, r2 ~-- 2, n ---- 4, violat ing el ~ n. I f  el ~ 6, then 
p ~-- 2, re ---- 3, eo ---- I, contradict ing kj* ~ 3. I f  el ---- 5, then p ~ 2 or 3. 
But p = 2 implies r o = 4, n ---- 10, r 1 ---- 7, e2 ~ 5, and by (13) we must 
have one co lumn with k /  ~-- 2, kj* == 5, which then prevents rl  ---- 7. 
F inal ly,  p = 3 violates el ( n. l fe~ =: 4, then r~ + p = 7. I fp  = 5, then 
r2 ---- 2, n == 7, e2 ~ 3, and  this prevents two distinct co lumn sums. I f  
p - -~4,  then r 2 - -  3, r~---- 9, n ~ 11, and k /  ~3 prevents r l=  9. I f  
p ~ 3, then r 2 ---- 4, r~ = 10, n ---- 13, and aga ink /  ~ 3 prevents r  1 --~ 10. 
I fp  - -  2, we have r I - -  9, r2 - -  5, n - 13, el ~-- 4, e2 -= 9. Letf~ = the 
number  of co lumns with k /= i. Thenfo  = 0, 1 andfo +f l  -~-f2 4-.fa ~- 13, 
f~ -f- 2f2 4- 3f3 ---- 36, and fo /6  +f J5  +f~/4  +f3 /3  = 25/6. Our  third 
equat ion was obta ined f rom (11) and (12). Now if f0 = 0, our system has 
no integral solut ion and f l  ---- 1 forcesf~ = 12. This yields our  third design 
whose incidence matr ix is obta ined f rom M2 by complement ing  the first 
co lumn of  3 /2 .  
I f  e 1 ~ 3 then r2--~ 6, r~ = 5p4-  1, n - 5p4-6 ,  e2 == 5p4-3 .  Let 
= the number  of  co lumns of  A with k /  = i, i ~= 0, 1, 2, 3. By count ing  
entries in A~ and A2 we can derive 3fo 4- 2f l -}- f2 = 15, and since 
f04- f l+f2+f3= 5p4-6  we have f3 ) (5p- -9 ) .  But e l=  3 and  
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2~ = 3, so 3ja ,;: 5p  5 3. Combining our two inequalities forces p ~ 3 
where p .= 3 only i f j~ = t5. If p = 2 then rl - -  11, re -- 6, n = 16, 
e, = 3, e,, = 13. Also, f , - ! - f~ +f~_ +fa  -- 16,fl + 2fz + 3fa = 33, and 
fo/6 + fl/5 + f2/4 q- f~/3 = 25/6. This system has only the solution 
Jo = 1, f l  = 0, f2 = 12, j.~ ----- 3 which then gives A = 3:22a, not a square. 
I f  p = 3 then n = 21, f2 = 15, fa = 6, and again A == 2~365 la is not a 
square, 
If el = 2, then r , _ , -=p+5,  r~ =p2-9  4p+l ,n  =peq-5p- ! -  5. We 
have f) -! f~ q- f2 --= pz + 50 + 5, f~ -:- 2fz - :  2p ~ + 80 + 2, and 
Y; , A k 30 .~  
3p ' 2p+l  p§  3p 
We then have J~ --= 3 -- p, J~ = 4p + 2, f2 = p2 + 2p. Hence, p ---- 2, 3. 
I fp  = 3, then fo = 0, f l  = 14, fz =-- 14, and A = 285~7~ is not a square. 
I fp = 2, then r 1 ----- 13, r2 = 7, n = 19, el = 2, e~ = 17, fo = 1,f~ = 10, 
f~ = 8. But the 17 by 8 submatrix ,42 of A2 having column sums equal to 5 
has a total of 40 one's as entries; and since 11 -b. 6 = 17 and 
11 9 2 + 6 9 3 =- 40, the total sum of all inner products between distinct 
columns of A2 is at least 11 -- 18 = 29. But this total should be (~) = 28. 
Hence, there are no 3-designs with e~ -- 2. 
l fe  1 = l , then r2 = 2p q- 4, q = (2p -'- 1)(p + l ) ,n  = 2,o 2 + 5p +- 4, 
e9 = (2p + 3)(p + 1). Clearly there are (2p + 3) columns with k~' = 0, 
kj* = 3(p + 1); and (2p 2 + 3p + 1) columns with k /  = l,ks* =- 2p + 3. 
Permute the rows and columns of A so 
[ 1. . .1 ' ,1 . . . l  o.. .o A = , , (14)  
B i C D 
where B is of size e2 by ~ and a is maximum row sum in [BC] and the first 
row of B consists of l's. Suppose cr ) :  (2p § 2). Then B would require 
at least (20+3)4- [ (2p-1)+2p+(2p-  1) a - - ' .+2+ 1] =e  2 ,-?1 
rows. Hence, ~ ~ (20 -+ 1). But the average row stun in [BC] is (2p + 1), 
so ~ = (2p _ 1); and, because 
(2p i- 3 )+ [ (2p+ l )+2p- - . . .  @3+2]  = e~, 
we quickly check that the row sums in B are all 1 or 2 except he first row. 
So B has (4p + 2) rows with sum equal to one. Because re = (2/) + 4), 
then A has the submatrix 
I 1 . . .1  0003 v- I  
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where Bis  as in (14) and Ehas  l 's in first row. Now each column of E has 
inner product 3 with each column of E. To do this, exactly (2/o + 2) of  the 
rows in [BE] which have row sum equal to one in B must also have at 
least one 1 in E. But to preserve )t = 3 among the three columns of E 
we must have 
(2 0+2)+2p+(2  0 -2 )  ~<(4 0+2) ,  
i.e., p ~ 1. Hence, there are no 3-designs with el = 1, and our proof  is 
complete. 
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